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Abstract. This paper describes a particularly didactic and transparent deriva- 
tion of basic properties of the Lorentz group. The generators for rotations and 
boosts along an arbitrary direction, as well as their commutation relations, are writ- 
ten as functions of the unit vectors that define the axis of rotation or the direction 
of the boost (an approach that can be compared with the one that in electrody- 
namics, works with the electric and magnetic fields instead of the Maxwell stress 
tensor). For finite values of the angle of rotation or the boost's velocity (collectively 
denoted by V), the existence of an exponential expansion for the coordinate trans- 
formation's matrix, A^, in terms of GV with G being the generator, requires that 
the matrix's derivative with respect to V be equal to GAi . This condition can only 
be satisfied if the transformation is additive as it is indeed the case for rotations, 
but not for velocities. If it is assumed, however, that for boosts such an expansion 
exists, with V = V{v), v being the boodt's velocity, and if the above condition is 
imposed on the boost's matrix, then its expression in terms of hyperbolic cosh(V) 
and sinh(V) is recovered with V(= tanh~^(w)). 

A general Lorentz transformation can be written as an exponential containing 
the sum of a rotation and a boost, which to first order is equal to the product 
of a boost with a rotation. The calculations of the second and third order terms 
show that the equations for the generators used in this paper, allow to reliably 
infer the expressions for the higher order generators, without having recourse to 
the commutation relations. 

The transformation matrices for Weyl spinors are derived for finite values of 
the rotation and velocity, and field representations, leading to the expression for 
the angular momentum operator, are studied, as well as the Lorentz transformation 
properties of the generators. 

1. Rotations and Boosts. Arbitrary Axes. By definition, a Lorentz 
transformations of coordinates, namely, 

x''^ = A'^.x'^ = {5^, + c^'^J (1) 

leaves the metric, 

ds^ = g^.^clx'^dx'' = dt'^ - dx'^ - dy^ - dz^ , (2) 

invariant. It is straightforward to show that this condition imposes the following 
constraints on the coefficients A^^^, 

9p.,^ = gafsA" A'^^, + = (3) 
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where the second equation is the Unear version of the first one for small values of 
w^jy = g^a{^"v — <^"i/)- The axis of a rotation by an angle O, counter clockwise is 
positive, will be denoted by r = {rx,ry, r^) = (r^, r^, r'^), a unit vector. The matrix 
associated with this Lorentz transformation is (f2 = 1 — cos 6), 



Arot(0,r) 



/I 

















+ (1 - r2)cose 
sin O 



(1 



Vz sin G 
ry) cos 6 



ry sin 9 



ryTzfl + sin 6 



TxTz^ + Ty sin O 
TyTz^ — rx sin 8 
rl + (l-r^)cose/ 

(4) 

The matrix associated with a boost with a velocity v and a direction defined by 
the unit vector b = {bx,by,bz) = (6^,6^,6^) is given by, ( 7 = (1 — c has 
been set equal to one ), 



( 7 
vhx'^ 
vby'y 

\vbz'y 



vbx"/ 

(7 - ^)bybx 
(7 - ^)bzbx 



Vby^ 

(7 - l)bxby 
l + (7-l)&^ 

{7-l)bzby 



vbzj \ 
(7 - i)bccbz 

(7-i)M. 

l + (7-l)6^/ 



(5) 



2. Generators and Commutation Relations. It follows from Eqs.(4) and 
(5), that the matrix for a Lorentz transformation, combining a boost and a rotation, 
and linear in v and 0, is given by, 



A = 1 



vb^ 

vb^ 
\vb^ 



vb'^ 








vb^ \ 

9^2 



l + QGrotir) +vGboost{h) (6) 



where, 



Grof (r) 
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(7) 



(8) 



are the generators for a rotation around r, and for a boost along b, respectively. In 
the right-hand side of Eq.(6), O and v should be interpreted as diagonal matrices. 
From Eqs.(7) and (8) one finds that the commutation rules for the rotation-rotation 
generators are. 



[Grot (r) J Grot (r') 



/O 





^1/2 







^1/2 



^3^/2 



r3r'2) 







(9) 



which obviously defines a rotation. The coefficients of this matrix are the compo- 
nents of the vector r A r' and clearly. 



[G,o*(r),G,ot(r')] =G,ot(rAr') 



(10) 
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For the boost-boost generators one obtains, 

[Gboost (b) , Gboost (b')] 
also a rotation, and 



/O \ 

b^b'^-bH'^ b^b'^-b^b'^ 

b^b'^-b^b'^ 62^3 _ ^3^/2 

\o bH'^-b^b'^ b^b'^-bH'^) J 



[Ghoost{h),Gboosi (b')] = -Grotih A b') 
For the rotation-boost, the commutation relations arc. 



(11) 



(12) 



[Grot (r), Gboost (b)] 



/ 

^2^3 _ ^352 

r^b^ — r^b^ 
y^i^2 _ PJjI 



- r^b^ r^b^ - r'^b^ r^b^ 



J 



(13) 

[Grot (r) , Gboost (b)] = Gboost (r A b) (14) 

As expected the commutation relations in Eqs. (10), (12), and (14) are in agree- 
ment with those satisfied by the J* and generators derived from a Lorentz 
transformation as follows, 

= (s^ + ^^M. {9""^-^ - 5"^^^)) = + \^,. {J'T^ x^ (15) 

In Eq.(15), the fifth term appeals to the linear Lorentz condition, (jj^^ + ui,y^ = 0, 
followed by a relabeling [ji'^ u), and the sixth term shows that the expression for 
the generators is given by. 



Define, 



ji _ }_^ijkjjk 



0' 



r] = uj 



(16) 



(17) 



Then, J', satisfy the same commutation rules (namely Eqs. (10), (12) and (14)), 
than Grot(r) and Gboost {t>) with r and b being equal to e^, e^, e^, the unit basis 
vectors. It is now straightforward to show that. 



(si-iJ-e-K-nr^) x" 



(18) 



In this equation the first minus sign would be a plus one, if the metric coefficients, 
defined in Eq.(2), are reversed. The matrix for the Lorentz transformation defined 
in Eq.(18) is found to be. 



A = 1 
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(19) 
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A comparison with Eq.(6) reveals that = ry' and Or' = ^' Because b and r are 
unit vectors it follows that, 

v = ±{{'n'f + {Tj^f + {ri^ff\ e = ±{{e'f + {e^f + {e^ff^ (20) 

and in consequence, 

r' = ±ey\ e\ v = ±r/V| 77 1 (21) 

Therefore 9^ , rj^ determine the axis of rotation and boost, but not the sense of rota- 
tion nor the direction of the boost 

3. Finite rotations and boosts. The matrix for a general Lorentz transfor- 
mation is usually written as, 

A = exp{-J-6> + K-T7} (22) 

Working with the generators defined in Eqs.(7) and (8), this expression for A is 
replaced by, 

A = exp{eG™t(r) + vGboost{h)}, (23) 
Eq.(23) is reminiscent of a Taylor expansion for a function of two variables, namely, 

/(e, v) = exp{eae + vd^}f(e, v) (24) 

where the derivatives play the role of the generators. The derivatives, unlike gen- 
erators, do however commute. 

a) Rotations. It needs to be shown that Arot(0,r), as given by Eq.(4), is equal 

to, 

exp{eG,„t(r)} = A = 1 + eG™*(r) + ^e^Grot{rf + ^S^Grotir)'' + (25) 

The relabeling Arot(6,r) = A is for notational convenience. For the above expan- 
sion to be valid it is necessary that, 

5© A = Grot{r)A (26) 

From Eq.(4) it is found that. 



deA = 



fO ^ \ 

— (1 — r^)sin6 r^^r^^ sin 9 — cos 6 r^jr^; sin -|- cos 
r^r^ sin© -|- cos 6 — (1 — ry)sin0 r^r^ sin 9 — Tx cos O 
yo r^rz sin Q — Vy cos 9 r^r^ sin 9 -|- cos 9 — (1 — r^) sin 9 J 

(27) 

and it is straightforward to verify that Eq.(26) is indeed satisfied. Therefore Eq.(25) 
is the correct expression for finite rotations. 

The expression for Arot(9,r) in Eq.(4) can be derived from just the first three 
terms of the expansion for Arot(9, r) in Eq.(25): the term in 9 is replaced by sin 9 
and the next one, in ^9^, by (notice that 17 = 1 - cos 9 = ^9^ + 0(9'')). How 
is this possible?, an alert reader is bound to ask, 9 does not stand in isolation, 
instead it is multiplied by Grot(r), which surely cannot be ignored. Very good 
question indeed, that allows however for an apparent answer: 
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Grot(r) = -Grot(r)^ = Grot(r)^ = —Gratify = Gboostiin) = Ghoost(y>f = 

GboostO^y = GboostO^y = --J Grot(r)^ ~ — Grot(r)^ = Grot(r)^ — — Grot(r)* = •• 

Gboosti^y = GboostO^y = Gboost(b)® = G(,oost(b)* = (28) 

It is important to keep in mind that Eq.(26) implies the differential version of the 
addition of rotations, namely, Arot(0 + dQ) = Arot{Q)-^rot{dO)- Indeed, 

Arotie + de) = ArotiO) + dSdeArotie) = Arot(e) + deGrot{r)Arot{0) = 

= (1 + deGrot{r))Arot{e) = Arotide)ArotiO) (29) 

b) Boosts. No expansion for A-i^QQg^ analogous to the one for A^ot, i-e- with 
9 — )• and Grot(r) — >■ Gboost{i>), can exist, because as shown above, it would imply 
that Aboost{v + dv) = Aboost{b)Aboost{dh), in contradiction with the non additive 
property of velocities in Relativity. Assume therefore instead that an expansion of 
the form (in the text of this paper, and contrary to the Abstract, the symbol V will 
designate a function of the velocity, v). 

V = V{v), Aboost{V) = exp{VGb,o,i(b)} = 1 + VGboost{h) + \v^Gboost{hf + 

(30) 

Then, 

dvAboostiV) = Aboost{V)Gboost{^) (31) 

is satisfied. Imposing this condition on Aboost = Aboost(b,w), as given by Eq.(5), 
leads to the following relations. 

It is now straightforward to derive an equation for 9vV(v), 

d'y _ d{l — v'^)~^/'^ 2 dv 2^'" 

dV 1 , -1 

— = J = — tanh (33 

dv 1 — v^ dv 

Therefore, 

7 = cosh(V), V{v) ^ian\C^{v) =v + v^lZ + v^/^ + (34) 

The matrix for the boost, namely Aboostiv,^) in Eq.(5), can now be written. 



Aboost (V,b) = 



/ 7 6:rSinh(V) 6ySinh(V) 6^ sinh(V) \ 

6,sinh(V) 1 + (7 -1)62 (7-l)&,6^ (7 - l)Mz 

6„sinh(V) (7-l)&A l + (7-l)&^ (7-l)&A 

V6.sinh(V) (7-l)&A {l-l)h.hy l + {7-l)hl) 



(35) 



It is again possible to derive the expression for Aboost ('f) b), (cf. Eq.(5), and Eq.(28)) 
from the first three terms of Eq.(30). In the linear term of this expansion, replace 
V by v^ (notice that v^ = d'j/dV = d cosh{V) / dV = sinh V = V + 0{nicV^)), and 



5 



in the quadratic term, replace by 7— 1 (7— 1 = + ©(V^). The hnear 

replacement reproduces the first line and the first column of Eq(5), whereas the 
quadratic replacement introduces the factor 7 — 1 present in Aboost{v,h). 

c) Rotations and Boosts. Given the Lorentz transformation, CT = 
exp{0G,.o/,(r) + VG'boo.st(b)}, the problem at hand is to find the product of rotations 
and boosts equivalent to CT. To first order in Q and V, the transformation CT 
and exp{6Grot(r)} x exp{VG6oost(b)} are of course equal, but to second order, the 
terms in OV differ. Therefore a relation of the following form must exist, 

exp{QGrot (r) +VGboost (b) } = exp{GGrot (r) } x exp{VGboost (b) } x exp{ae V Go; (v) } 

(36) 

where a is a constant to be determined, x stands for a boost or rotation, and v 
for the unit vector that defines the axis of rotation or the boost's direction. The 
expression for Gx (v) can be easily inferred: v must be a combination of the vectors 
r and b and the obvious choice is v = r Ab, which defines a boost, as Eq.(14) shows. 
Therefore Gx(v) = G6oost(r A b). The equality of the terms in ©V in Eq.(36) leads 
then to, 

2 {GrotGboost + GboostGrot) = GrotGboost + CnGboosti^ A b) (37) 

which can indeed be satisfied with a = —1/2. The notation (to be used from now 
on) has been simplified: Grot = Grot{^) and Gboost = G(,oost(b). Eq.(37) can also 
be written, 

-liGrot, Gboost] =aGx{v) (38) 

If no prior knowledge of Gx (v) had been assumed, this equation would have deter- 
mined a and Gx{'v), which, because these are the commutation relations, cannot 
be other than Gboosti^ ^ b). 

It is of interest to calculate the third order terms. There are now two terms, 
namely those in 0^V and V^G, that require to be balanced by two new Lorentz 
transformations which are determined by: 

exp{QGrot + VGboost} = exp{eGrot} xexp{VG6oost} xexp{-ieVG6oost(rAb)}x 

X exp{ae^VGxiv)} x exp{/3 ev^ Gj^(v')} (39) 

where, x, y stand for boost or rotation and v, v' for the vectors defining the axes 
of the transformations. It is again possible to infer the expressions for Gxi'v) and 
Gy{v'). The obvious choices for v and v' are now v = rA(rAb) and v' = bA(rAb). 
It is clear that v with two r s and one b, should be associated with 6^V and that 
v' with two bs and one r, with V^O. Keeping in mind that r Ab is a boost, Eq.(14) 
suggests that a; is a boost, and Eq.(12), that y is a rotation. Therefore, 

Gx{v)=Gboost{r A {r Ah)) Gy{v') = Grot {h A {r Ah)) (40) 

The equality of the terms in 6^V in Eq.(39) leads then to, 

g {GrotGboost + GrotGboostGrot + GboostGrot) — 1^ {GrotGboost — GrotGboost{^ A h)) 

+ aGboost (r A (r A b)) (41) 



6 



If r = and b = e^;, then r A b = and r A (r A b) = —e^- All the three 
dimensional matrices in Eq.(41) are then easily evaluated, and the value found for 
a is 1/6. Similar calculations for the terms in OV^ show that (3 = 1/3. If no prior 
knowledge for Ga;(v) is assumed, Ga;(v) is of course determinedhy the commutation 
relations from Eq.(41). Contrast this statement with the one appropriate to the 
second order terms, where Gxi^) is a member of the commutation relations. 

It is clear that the Lorcntz transformation exp{0Grot(r) + VGboostO^)}, is a 
complex product of rotations and boosts, not shedding light (as exp{0Grot(r) and 
VGboostO^)} do), on finite transformations. 

There can be little doubt that the theory of group representations could be dc- 
velopped as well from the product of a boost and a rotation, namely exp{0Grot(r)}x 
exp{VGboost{h)}. 

4. Spin. Define, 

J±(u) = i{Grot{n) ± iGboost{n))/2 = (iG™t(u) T Gboost{vi))l2 (42) 

The commutation rules are given by, 

[J+(u), J+(u')] =iJ+(uAu') 

[J-{u),J-{W)] =iJ-(uAu') 

[J+(u),J-(u')]=0 (43) 

With the help of Eqs. (7) and (8), the calculation of ( J^(u))^ is straightforward. 
It is found that (I is the unit matrix), 

(J±(u))^=I/4, (44) 

The two degrees of freedom associated with particles of spin 1/2 suggests working 
with a representation for the generators on a vector space of dimension two. The 
Pauli matrices are given by, 

- (; ;) - (° 1) - (; -°o 

The commutation relations for the matrix M(u), defined above, are given by, 

[M(u),M(u')] = 2z(^^^^^^^ ^-^^^) U = uAu' (46) 

Define 

a,^„,(u) = 1m(u) gL.t(u) = ^M(u) J+(u)=0 (47) 

g,^„,(u) = 1m(u) gf_,(u) = -iM(u) J-(u)=0 (48) 

where the arc defined as in Eq.(42) with the Q generators replacing the G ones. 
With the help of Eq.(46) it is straightforward to show that Q^,-^^{vi), ^^,o,j(u) (and 
of course ^^((u), ^/^^^^^(u) as well), obey the same commutation relations (namely 
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Eqs. (10), (12), and (14)), than Grot{u) and Gboost{u). Eqs. (47) and (48) are 
two representations of the Lorentz group, known as the left- and right handed Weyl 
spinors, that can be labelled by {{J~)'^ = ^, J+ = 0) and {J- = 0, {J+)^ = i) 
respectively. It is of interest to calculate the series 

A^(e, u) = 1 + egU^) + \&'gU^f + 

A^(v, u) = 1 + vgLM' + Iv'oLA^f + (49) 

Because the square of the matrix in the expressions for ^^^^(u) and Gtoosti^) 
equal to the unit matrix, the calculations are straightforward, it it is found, 

,L/c>..^ /^cos(6/2) — sin(6/2) —isin{Q/2){ux — iUy)\ 



^ ~ V -zsin(e/2)(u^+mj cos(e/2) + sin(e/2)J ^^^^ 

AL(y fcoshiV/2)+u,^hMV/2) smh{V/2)iu, -iuy) \ 

iy(y,u)-^ gi^^y/2){u, + iuy) cosh(V/2) - sinh(V/2) j 

For finite rotations and boosts, these matrices define the transformations for 
the left handed Weyl spinor components, as Arot(0,r) and Aboost{v,h) (in Eqs. 
(4) and (35)), do for the coordinates of a Lorentz transformation. For the right 
handed Weyl spinor, A^(8,u) remains unchanged, whereas V is replaced by — V 
in the expression for A^(V, u). 

4. Field Representations. Let T^" {/j. is line, and v is column) be the 

antisymmetric tensor associated with the vectors r and b (T*^* = ,T'^'^ — V and 
the rotational components as in Eq.(7)), then 



/O 61 62 ^3 \ 



-r^ 



52 ^3 Q _^ 



(52) 



Indeed, because of Eq.(2), T°i = gia,T°" = guT°' = -T°' = -h\ On the other 
hand, T*o = QoaT^" = 2^*° = —b\ i-e., the boost components of T^^" become 
symmetric, whereas the rotation components remain antisymmetric but change 
sign. The matrix in Eq.(52) is equal to the sum of Grot(r) and Gboosti^) as given 
by Eqs. (7) and (8). 

We define therefore the following operators, 

Arot{r,x) = -Grot{rTi,x''df, Aboost{h,x) = -Gboost{h)^^x''dij, (53) 

The proof that Arot{^, x) and Aboosti^, x) satisfy the same commutation rules than 
Groti'r) and GboostO^), namely Eqs. (10), (12), (14), is straightforward; it appeals to 
the relations, Grotiry^ = -Grotir)"^, and Ghoost{t>Yi, = GboostO^y^j., and involves 
some relabeling. It should be stressed that the minus signs in Eqs. (53), essential 
for this proof, can be firmly justified. The explicit expressions for Arot{^,x) and 
Aboost{b, x) are (i, x,y,z = x^^), 

Arot{r,x) = -{r^iyd:, - zdy) + ry{zda: - xd^) + r^{xdy - yd^)) 

Aboosti'^,x) = -{bx{xdt + tdx) + by{ydt + tdy) + 6^(2^4 + td^)) (54) 
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The quantities that multiply the r,,6j in Eq.(54) define the tensor L'^j,, namely, 

L\ = -{x^dk ~ x'^dj) L% = -{tdi + x'dt) (55) 

Raising the lower index we obtain, 

L^"" = x^d" - x-'d^ (56) 

(c.f. Maggiore, 2005, p.30, Eq.2.78). From Eq.(54) it is clear that, say xd^ -yd'', 
is the ^-component of the angular momentum. The angular momentum operator 
acts on a function ^p{x) as follows {6x^ = 9Groi(i")^^2;'^), 

(1 + QArotir, x))ij(x) = il^ix^") - Sx^df^i^ix") = V'(a;^ - Sx") = i^^x") (57) 

i.e. %Ij{x^^) — > tp'{x^) and clearly t/j{x^) = tp'{x'^) where x'^ = .t^ + Sx^. The base 
space for the angular momentum representation is the set of scalar functions. 

5. Lorentz's Transformations of the Generators. It is of interest to study 
the Lorentz transformations properties of the generators Groti^) and GboostO^), 

namely expressions as Aboost{h)Grot{ez)Aboosti^) Arotir)Gboost{ez)A^~ot{'r), 
c.f., Weinberg, 2005, p. 60 (notice that here only rotations are associated with uni- 
tary operators). It is found, 

^boost{h)Grotiez)^boosti^) = Grot{ez) - (t " ^)(bxbzGrot{ex) + bybzGrot{ey)+ 

{bl-l)GrotiGz)^+v^GboostihAez) = jGrot{ez)-i'Y-i)Grot{bzb-e)+v^Gboost{bAez) 

(58) 

where v is the boost velocity and 7 = (1 — u^) 

Kot{r)Gboost{ez)A.~^ti^) = Gboost{ez) + Gboost{ex){rxrz^ + Ty sin 6)+ 
+ Gboost{ey){ryrzfl - sin 9) + Gboost{Gz){rl - 1)0 = 

= (1 - ^)Gboost{ez) + Gboosti^TzT ■ e) + Gboost{sm@Y A Tz) (59) 

where = 1 — cos 9. In the above equations, e is a unit vector, and the notation 

should be transparent: GboostC^ A e^) = byGboost{ex) - b^Gboosti^y) for example. 
Concerning Eq.(58) notice that it reduces to Aboostiy>)Grot{ez)^boost^) = Groti^z) 
if u = 0, because 7 is then equal to one, and also when hx = by = Q because then 
bz = 1, i.e. the boosts are along the axis of rotation. In Equation (59) as well, 
Gboosti^z) is left unchanged if 9 vanihes and also when the axis of the rotations is 
the axis. 
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